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JOEL MERKER AND EGMONT PORTEN 

Abstract. Employing Morse theory and the method of analytic discs 
but no d techniques, we establish a version of the Hartogs extension the- 
orem in a singular setting, namely: for every domain of an (n — In- 
complete normal complex space of pure dimension n 2, and for every 
compact set K C 51 such that f2\ K is connected, holomorphic or mero- 
morphic functions in fl\K extend holomorphically or meromorphically 
to £1. 
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§1. Introduction 

The goal of the present article is to perform a generalization of the clas- 
sical Hartogs extension theorem in certain singular complex spaces which 
enjoy appropriate convexity conditions, using the method of analytic discs 
for local extensional steps and Morse-theoretical tools for the global topo- 
logical control of monodromy. 

In its original form, the theorem states that in an arbitrary bounded do- 
main (s C" (n ^ 2), every compact set K C Vt with Q\K connected 
is an illusory singularity for holomorphic functions, namely 0(Q\K) = 
(9(fi)L,„ (for history, motivations and background, we refer e.g. to 
[fT2l |211 122l0 . By now, the shortest proof, due to Ehrenpreis, follows eas- 
ily from the simple proposition that 9-cohomology with compact support 
vanishes in bidegre (0, 1) (see |[T4lO . Along these lines and after results due 
to Kohn-Rossi, the Hartogs theorem was generalized to (n — 1) -complete 
complex manifolds by Andreotti-Hill [2], i.e. manifolds exhausted by a C°° 
function whose Levi-form has at least 2 positive eigenvalues at every point. 
We also refer to ifTTl for an approach via the holomorphic Plateau boundary 
problem. 
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To endeavor the theory in general singular complex spaces (X, O x ), it 
is at present advisable to look for methods avoiding global d techniques, as 
well as global integral kernels, because such tools are not yet available. The 
geometric Hartogs theory was attacked long ago by Rothstein, who intro- 
duced the notion of g-convexity. On the other hand, within the modern sheaf- 
theoretic setting, the so-called Andreotti-Grauert theory allows to perform 
extension (of holomorphic functions, of differentials forms, of coherent 
sheaves, etc.) from shell-like regions of the form {z E X : a < p(z) < 6} 
into their inside {z E X : p(z) < &}, where p is a fixed (n — l)-convex 
exhaustion function for X. Geometrically speaking, one performs holomor- 
phic extension by means of the Grauert bump method through the level sets 
of p in the direction of decreasing values, jumping finitely many times across 
the critical points of p. 

However, a satisfying, complete generalization of the Hartogs theorem 
should apply to general excised bounded domains Cl\K lying in an (n — In- 
complete complex space (X, Ox), not only to shells {a < p < b} relative 
to the (n — l)-convex exhaustion function. But then, after perturbing and 
smoothing out dVt, one must unavoidably take account of the critical points 
of p\ dn and also of the possible multi-sheetedness of the intermediate step- 
wise extensions. This causes considerably more delicate topological prob- 
lems than in the well known Grauert bump method, in which monodromy 
of the holomorphic (or meromorphic, or sheaf-theoretic) extensions from 
{a < p < b} to {a' < p < b} with a' < a is almost freely assured^, even 
across critical points of p. Considering simply a domain f2 <s C n (n ^ 2), 
with obvious exhaustion p(z) := \\z\\, the classical Hartogs theorem based 
on analytic discs and on Morse theory was worked out in |[T9ll , where em- 
phasis was put on rigor in order to provide with firm grounds the subsequent 
works on the subject. The essence of the present article is to transfer such an 
approach to (n — Incomplete general complex spaces, where d techniques 
are still lacking, with some new difficulties due to the singularities. 



§2. Statement of the results 

Thus, let {X, Ox) be a reduced complex analytic space of pure dimen- 
sion n ^ 2, equipped with an open cover X = UjeJ together with 
holomorphic isomorphisms ipj : Uj — > Aj onto some closed complex an- 
alytic sets Aj contained in balls Bj C C Nj , some Nj ^ 2. By definition 
(El LIOll), a C°° function / : X — > C is locally represented as f\uj = fj ° ¥>j 
for some collection of C°° "ambient" functions fj : — > C, j E J. A 



The reader in referred to point 2) of the proof of Prosition 4. 1 below and to Figure 3 in 
Section 4 for an illustration of the concerned univalent extension argument. 
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real-valued continuous function p on X is an exhaustion function if sub- 
level sets {z G X : p(z) < c] are relatively compact in X for every c£R. 
A C°° function p : X — > R is called strongly q-convex if the C°° ambient 
Pj : Bj — > R can be chosen to be strongly g-convex, i.e. their Levi-forms 
idd(J)j) have at least Nj — q + 1 positive eigenvalues at every point, for 
all j G J. Finally^, X is called q-complete if it possesses a C°° strongly 
g-convex exhaustion function. Note that the 1 -complete spaces are precisely 
the Stein spaces. 

We will mainly work with a normal [n — Incomplete X, and we re- 
call that a reduced complex space (X, Ox) is normal if the sheaf of weakly 
holomorphic functions, namely functions defined and holomorphic on the 
regular part X reg = X\X sing which are L™ c on X, coincides with the com- 
plete sheaf Ox of holomorphic functions on X. Then X sing is of codimen- 
sion ^ 2 at every point of X ([[51 [TOj) and for every open set U C X, both 
restriction maps 

(2.1) O x {U) — O x (U\X shlg ) and M X (U) — M x (U\X sixiS ) 

are bijectiveO, where A4x denotes the meromorphic sheaf. To generalize 
Hartogs extension, normality of X is an unavoidable assumption, because 
there are examples of Stein surfaces S having a single singular point p which 
are not normal ( |[T0ll . vol. II, p. 196), whence K := {p} fails to be removable 
for holomorphic functions defined in a neighborhood of K. 
We can now state our main result. 

Theorem 2.2. Let X be a connected (n— 1) -complete normal complex space 
of pure dimension n ^ 2. Then for every domain Q C X and every compact 
set K C Q with Q\K connected, holomorphic or meromorphic functions on 
Q\K extend holomorphically or meromorphically and uniquely to Q: 

O x (Q\K) = O x (Q)\ n ^ K or M X (Q\K) = M x (P)\ n \ K . 

Some comments on the hypotheses are in order. Firstly, connectedness 
of X is not a restriction, since otherwise, £1 would be contained in a single 
component of X. Secondly, as X is (n — 1) -complete, i dd (p \ „ ) has at 
least 2 positive eigenvalues at every point z G X reg , and consequently, each 
super-level set 

{zeX : p(z) > c], 
has a pseudoconcave boundary at every smooth point z G X reg with 
dp(z) 7^ and in fact, the Levi-form of this boundary has at least one 

The previous definitions are known to be independent of the choices — covering, 
embeddings (pj, dimensions Nj, extensions (•), see l5ll7l [T0l . 

The first statement yields immediately that every point z E X has a neighborhood 
basis (Vfc) fcgN such that X lcg n Vk is connected; also, X Tes itself is connected. The second 
statement is known as Levi's extension theorem (||8l, p. 185). 
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negative eigenvalue at z. Thirdly, by a theorem of Ohsawa ( 11201 ). every 
(connected) n-dimensional noncompact complex manifold is n-complete, 
and in fact, easy examples show that Hartogs extension may fail: take the 
product X := R x S of two Riemann surfaces, with R compact and S 
noncompact, take a point s E S and set K := R x {s}; by O, there ex- 
ists a meromorphic function function having a pole of order 1 at s, whence 
O(X) does not extend through K . Consequently, in the category of strong 
Levi-form assumptions, (n — l)-convexity is sharp. 

For the theorem, the main strategy of proof consists of performing holo- 
morphic or meromorphic extension entirely within the regular part of X. 

Proposition 2.3. With X, Q and K as in Theorem 2.2, holomorphic or mero- 
morphic functions on \p\K\ reg extend holomorphically or meromorphically 
to ^2j>gg. 

Notice that both [fl\iC] re and Vt reg are connected (footnote 3). Then 
by (2.1), extension immediately holds to fl This yields Theorem 2.2 if one 
takes the proposition for granted; Sections 3 and 4 below are devoted to 
prove this proposition. 

For meromorphic extension, one could in principle well avoid the as- 
sumption of normality. In the case of meromorphic extension, we get a 
general result valid for reduced spaces without further local assumptions. 

Theorem 2.4. Let X be a globally irreducible (n — 1) -complete reduced 
complex space of pure dimension n ^ 2. Then for every domain Q C X and 
every compact set K C Q with [Q\K] ieg connected, meromorphic functions 
on Q\K extend meromorphically and uniquely to Q: 

M x (n\K) = M x (n)\ QXK . 

If moreover the data lie in Ox{Q\K), the extension is weakly holomorphic. 

The proof, also relying upon an application of Proposition 2.3, is post- 
poned to Section 5; an example in §5.1 shows that requiring only that Q\K 
is connected does not suffices. 

For the proposition, the main difficulty is that X sing can in general cross 
Q\K. We will approach X s - mg from the regular part and fill in progressively 
f2 reg by means of the super-level sets of a suitable modification fi of the 
exhaustion p, such that /i is still strongly (n — 1) -convex but exhausts only 
X rcg in a neighborhood of f2. To verify that the extension procedure devised 
in |fT9l can be performed, preliminaries are required. 
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§3. Geometrical preparations 

3.1. Smoothing out the boundary. To launch the filling procedure, we 
want to view the connected open set Q\K as a neighborhood of some con- 
venient connected hypersurface M contained in (£l\K) PI X reg . 

Lemma 3.2. Let X, Q and K be as in Theorem 2.2. Then there is a do- 
main D (<= Q containing K such that M := dD H X Teg is a C°° connected 
hypersurface ofX TCg . 

Proof. Suppose first that X = C n . Let d be a regularized distance func- 
tion ((231) for K, i.e. a C°° real- valued function with K = {d = 0} and 
- dist (x, K) ^ d(x) ^ cdist (x, K) for some constant c > 1, where dist is 
the Euclidean distance in M 2n . By Sard's theorem, there are arbitrarily small 
e > such that M := {d = e} is a C°° hypersurface of M? n bounding the 
open set f2 := {d < e} which satisfies K C d Vl. However, since M 
need not be connected, we must modify it. 

To this aim, we pick finitely many disjoint closed simple C°° arcs 
71, . . . ,7 r which meet M transversally only at their endpoints such that 
M U 71 U • • • U 7 r is connected. Since Cl\K is connected, we can insure 
that each 7^ is contained in Q\K. 




Fig. 1: Connectifying the smoothed out boundary 



We can then modify M in the following way: we cut out a very small 
ball in M around each endpoint of every 7^, and we link up the connected 
components of the excised hypersurface with r thin tubes ~ I x S 2n ~ 2 
almost parallel to the 7^, smoothing out the corners appearing near the end- 
points. The resulting hypersurface M is C°° and connected. Since each 7^ is 
either contained in f2 U M or in IR 2n \f2, a new open set D with 3D = M is 
obtained by either deleting from f2 or adding to f2 the thin tube around each 
7fc. All the tubes around the 7^ which are contained in IR 2n \f2 constitute thin 
open tunnels between the components of fl, whence D is connected. 

On a general complex space X, the idea is to embed a neighborhood of 
f2 smoothly into some Euclidean space ~§l N and then to proceed similarly. 
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We can assume that the holomorphic isomorphisms <f>j : Uj — > Aj C 
Bj C are defined in slightly larger open sets C/j D f/j, for all j £ J. 
Pick C°° functions Aj having compact support in [/• and satisfying Aj = 1 
on Uj; prolong them to be on X outside U'-. By compactness, there is a 
finite open cover: 

Qc^U.-U^. 

Consider the C°° map, valued in R N with N := 2(N jl H h N jm ) + m, 

which is defined by: 

* : = ( A ii ■ <fe > • • • > A i™ • <t>j m > A ii . • • • > A i J • 
It is an immersion at every point x of LX^ U • • • U LT^, because x belongs 
to some Uj k , whence the j^-th component \j k ■ <pj k = <pj k of ^ is even 
an embedding of £4 3 x. Furthermore, we claim that ^ separates points. 
Indeed, if we set: 

W jk :={zeX: X jh (z) = l], 

then clearly Uj k C Wj k C Uj . Pick two distinct points x,y E Uj 1 U • • ■ U 
Uj m . Then x belongs to some Uj k , so \j k (x) = 1. If \j k (y) ^ 1, then 
ty(y) 7^ ^(x) and we are done. If Xj k (y) = 1, i.e. if y G Wj fc , then the j fc -th 
component of ^ distinguishes x from y, since Aj fc ■ <pj k (y) = 4>j k (y) differs 
from cj)j k (x) because <pj k embeds Uj k into IR 2 ^ . So ^ embeds into M. N the 
neighborhood Uj x U • • • U of f2. 

We choose a regularized distance function d#(#) for ^(K) in E^. We 
stratify X so that X rcg is the single largest stratum (remind it is connected) 
and then stratify X sing by listing all connected components of [X^ngl > 

then continuing with [Xjing] sing? and so on inductively. By Sard's theorem 
and the stratified transversality theorem (0~3]|), for almost every e > 0, the 
intersection 

{x E R N : d^ {K) (x) =e}n ^(fi reg ) 
is a C°° real hypersurface of \l/(fi rcg ) having finitely many connected com- 
ponents which are contained in ^ ([r2\K] reg ) . Importantly, we can construct 
the thin connecting tubes so that they lie all entirely inside ^ ( ] rcg ) > 
thanks to the fact that ^(f2 reg ) is locally (arcwise) connected, also near 
points of ^ (f2 sing ) . Then the remaining arguments are the same and we 
put everything back to X via \E r_1 , getting a connected C°° hypersurface 
M C [fi\i^] reg and a domain D with K C D <s fl (We remark that 
normality of X was crucially used.) □ 

As we said, we will perform the filling procedure entirely inside X Teg . 
This is possible thanks to an idea of Demailly which consists of modifying 
the initial exhaustion p so that X smg is put at — oo. A recent application of 
this idea also appears in 0]. 
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3.3. Putting Xsing into a well. By Lemma 5 in 0, there exists an almost 
plurisubharmonic functioi^ v onX which is C°° on X rcg and has poles along 

-^sing • 

-^sing = {v = -OO} . 

As in Section 2, if A,, = (pj(Uj) is represented in a local ball B,, C of 
radius rj > centered at Zj G as the zero-set {g jtl/ = 0} of finitely 
many functions g^ v holomorphic in a neighborhood of the closure of fBj, the 
local ambient Vj : B., — > { — 00} U R is essentially of the forrrjl 

^ = log(^|^| 2 )- J_ 

Thus, locally on each Bj, the function v we pick from j3]| is of the form: 

Vj = Uj +7j, 

with uj strictly psh, C°° on Bj\ [Ajj ging , equal to {—00} on [Aj] ging and with 
a remainder 7j which is C°° on the whole of Bj. Notice that each Vj is L™ c . 

3.4. Modified strongly [n — 1) -convex exhaustion function [i. Pick a con- 
stant C > such that max^j (p) < C. 

Lemma 3.5. There exists Eq > swc/z that for all e with < e ^ £q, 
function: 

fj, :— p + sv 

is C°° on X reg and satisfies: 

(a) maxp(/i) < C; 

(b) X sing = {p = -00}; 

(c) p is strongly (n — l)-convex in a neighborhood of {p ^ C}. 

Proof. Property (b) holds provided only that e < ~^^~fer^ • Furthermore, 
(a) is clear since p is C°° and since X sing = = —00}. To check (c), we 
compute Levi-forms as (1, 1) -forms: 

i dd u i = iddp,; + eidd Vj 
(3-6) _L _J 

= i dd pj + e i dd uj + e i dd rj . 



4 j.e. by definition, a function which is locally the sum of a psh function and of a C°° 
function, or equivalently, a function v whose complex Hessian iddv has bounded negative 
part. 

5 In addition, a regularized maximum function (|3j|) is used to smoothly glue these 
different definitions on all finite intersections Aj 1 (~1 • • • fl Aj m and the formula given here 
is exact on a sub-ball C, C Bj. 
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Here, e % dduj adds positivity to % dd pj (since Uj is psh), whereas the neg- 
ative contribution due to iddTj is bounded from below on {p ^ 2C}, and 
consequently, e > can be chosen small enough so that i dd Jlj still has 2 
eigenvalues > at every point. □ 

In the next section, while applying the holomorphic extension procedure 
of lfT9ll . we shall have to insure that the extensional domains attached to M 
from either the outside or the inside cannot go beyond {p ^ C}. So we have 
to prepare in advance the curvature of the limit hypersurface {p = C}nX ieg . 

Enlarging C of an arbitrarily small increment if necessary, we can as- 
sume (thanks to Sard's theorem) that C is a regular value of p v , so that 

I Areg 

A:= {p = C7}nX rcg 
is a C°° real hypersurface of X reg . 

Lemma 3.7. Lowering again s > if necessary, the following holds: 

(d) At every point q of the C°° real hypersurface A = {p = C} fl X rcg , 
one can find a complex line E q C T g c A on which the Levi-forms of 
both p and p are positive. 



Here, E q might well be discontinuous, but this shall not cause any 
trouble in the sequel. 

Proof. Each p e {p = C} is contained in some Uj( p ), whence p is rep- 
resented by an ambient function Pju,) : BjM —> K whose Levi-form has 
at least NjM — n + 2 eigenvalues > 0. By diagonalizing the Levi matrix 

i ddpj( p ) at the central point of Bj(p), we may easily define, in some small 

open sub-ball Q(p) C Bj( p ) having the same center, a C°° family q i— > of 
complex (iVj(p) — n + 2) -dimensional affine subspaces such that the Levi- 
form of pj(p) is positive definite on every Fq, for every q G Cj( p ). 

Next, if we set Vj^ := ^/(^(Qcp)), which is an open subset of Uj^, 
we can cover the compact set {p = C} by finitely many Vj^, hence there is 
a finite number of points p a , a = 1, . . . , A, such that 

{ P = c} c u • ■ • u ^ (PA) . 

According to (3.6), on each Cj( Pa ), a = 1, ... A, we have: 

We choose e > so small that the remainder eidd7j( Pa ) does not perturb 
positivity on C,( Pa ) for every a = 1, . . . A, and we get that i dd Pj( Pa ) is still 
positive on Fq for every q G Q(p ), and every a = 1, ... A. 
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Let q G {p = C} n X rcg . Then q G Vj( Po ) for some a. We set q : = 
<fj(p a )(q) G C iba) and we define: 

F q : = (d^ (pa) )" 1 ( J F~nTgA j(Pa) ). 

Then the complex linear spaces F q and F q are at least of dimension 2 and the 
Levi-form of /i is positive on any 1-dimensional subspace E q C F q D T ? c A. 

□ 

Next, applying Morse transversality theory, we may perturb p in X reg fl 
{p < 2 C} in an arbitrarily small way, so thao 

(e) ji is a Morse function on X vcg fl {p < 2 C} having finitely many or 
at most countably many critical points; moreover, different critical 
points of p are located in different level sets {p = c}. 

Of course, if they are infinite in number, critical values can only accu- 
mulate at — oo. Similarly, we may perturb p very slightly near {p = C} so 
that: 

(f) the C°° hypersurface {p = C} fl X rcg does not contain any critical 
point of p. 

Finally, again thanks to Morse transversality theory, we may perturb the 
connected C°° hypersurface M C 3D of Lemma 3.2 in an arbitrarily small 
way so thafl 

(g) M does not contain critical points of p, and p | M is a Morse func- 
tion on M having finitely many or at most countably many critical 
points; moreover, any two different critical points of p or of p\ M 
have different critical values. 

We draw a diagram, where X sing is symbolically represented as a con- 
tinuous broken line having spikes, with a level-set {p = c] which is critical 
for p\ and a single critical point p G M fl {p = c}. 



The previous four properties being preserved, especially (d) on {p = C}. 
1 The perturbed M being still contained in {p < C} and in the original connected 
corona f2\i4T. 
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{fj, = c} 



{p = c} 




Fig. 2: The smooth boundary M, a level-set of (i and X B \ 



sing 



4. HOLOMORPHIC EXTENSION TO D 



rcg 



For c G 1, we introduce 



X, 



{z e X : /i(z) > c}. 



This open set is contained in X rcg , since X sing = {fx = — oo}. For every 
connected component M' >c of 



we want to fill in (by means of a finite number of families of analytic discs) a 
certain domain Q'^ >c which is enclosed by M' >c inside {/i > c}. Similarly 
as in Proposition 5.3 of lfT9l . we must consider all the connected compo- 
nents M' >c and analyze the combinatorics of how they merge or disappear. 

Let V(M) be a thin tubular neighborhood of M, whose thinness shrinks 
to zero while approaching X sing . For every connected component M'^ >c of 
M M>C , we denote by V(M^ >C ) >c the part of V(M) around M^ >c again 
intersected with {fi > c}. It is a connected tubular neighborhood of M^ >c 
inside {/i > c}. 

Proposition 4.1. Let c G M. with c < max M (/x) < C be any regular 
value of fi and of fi\ . Let M' fl>c be any nonempty connected compo- 
nent of M fl X^ >c . Then there is a unique connected component <5^ >c of 
Xfj, >c \M ' u>c which is relatively compact in X reg and contained in {p < C} 
with the property that two different domains Q'^ >c and Q^ >c are either dis- 
joint or one is contained in the other. Furthermore, for every holomorphic 
or meromorphic function f defined in the thin tubular neighborhood V(M) 
of M, there exists a unique holomorphic or meromorphic extension F, con- 
structed by means of a finite number of(n — 1) -concave Levi-Hartogs figures 
and defined in 



M, 



il>C ■ 



M n x 



fJ.>C 



M n {fi > c}, 
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Proof. We only describe the modifications one must bring to the arguments 
of [HI. 

1) The Levi-form of the compact C°° boundary {// = c} of the super- 
level set {/i > c} (contained in X rcg ) has 1 negative eigenvalue, so that the 
Levi extension theorem with analytic discs (cf. the survey |[T8lO applies at 
each point of {// = c}. In Section 3 of lfl9l , we defined (n — a)-concave 
Hartogs figures for 1 ^ a ^ n — 1, but we used only 1-concave ones, 
because the Levi-form of exterior of spheres < r} in C n had (n — 1) 
negative eigenvalues. Here, we start from (n — l)-concave Hartogs figures, 
we modify them similarly as in Section 3 of [19] (details are skipped) and 
we call them (n — 1) -concave Levi-Hartogs figures. 

Next, we use a finite number of these figures, via some local charts of 
X rcg , to cover {/i = c} and to show that holomorphicQ (or meromorphic) 
functions in {ji > c] extend to a slightly deeper super-level set {fi > c — rj} 
(provided no critical point of /x or of /i| M is encountered in the shell {c ^ 
fi > c — 7]}), for some 7] > which depends on X, on n, on fi, but not on c. 



2) Contrary to the C n case treated in [[191 , fi may have critical points on 
X rcg . Grauert's theory shows how to jump across them with d techniques, 
and we summarize how we can proceed herd! using only analytic discs in 
Levi-Hartogs figures. 

Consider a point p £ X reg which is critical: dn(p) = 0, and set c := 
fi(p). The Morse lemma provides local real coordinates centered at p in 

which ii — x\ H h x\ — y\ — ■ ■ ■ — y\ n _ k , for some k. Since i dd /i has 

at least 2 positive eigenvalues everywhere, k is ^ 2. This is a crucial fact, 
because this implies that super-level sets {ji > c + 5} are all connected^] 
in a neighborhood of p, for every 5 £ R close to 0, and moreover, that 
these domains grow regularly and continuously as 5 decreases from positive 
values to negative values. 



Since the configuration is always local and biholomorphic to C™ (n = dimX rcg ) and 
since holomorphic envelopes coincide with meromorphic envelopes in C n , meromorphic 
functions enjoy exactly the same extension properties. Thus, in Q9), results stated for 
holomorphic functions are immediately true for meromorphic functions too. 

9 We emphasize that, from the point of view of holomorphic extension, jumping across 
critical points of fx on X rcg is much simpler than jumping across critical points of H\ M , cf. 
the C™ case fl9l . 

10 In M. 3 already, this is true for the "exterior" x 1 + y 2 — z 2 > S of the standard cone. 
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Next, we fix a ball B centered at p and we cut out a small neighborhood 
U C B of p. If V C U is a small neighborhood, we consider the C°° 
hypersurface: 

{p>c+%}\V. 

Placing finitely many (n — l)-concave Levi-Hartogs figures at points of this 
hypersurface, we get holomorphic or meromorphic extension to { p > c — 
2} \ Vi, where V\ C V is slightly bigger than V. Repeating the filling 
process finitely many times until |/i = c— ^ } does not intersect B, where k 
is an odd integer, we fill in B\U. At each step, monodromy of the extension 
is assured thanks to connectedness of {// > c + 5}\U, for every small 
5 6 R. However, we cannot fill in U directly this way. 

The trick is to shift p. One introduces a C°° perturbation p' of p local- 
ized near p (namely fi' = p, elsewhere) such that p! has another critical point 
pf (having the same Morse index of course), with corresponding neighbor- 
hoods disjoint: U fl U' — and both contained in B n B' . We repeat the 
Levi-Hartogs filling with p!, getting holomorphic or meromorphic extension 
{// > c — \ £/', a domain which contains B'\U', hence contains {/. 
Monodromy is again well controlled, just because topologically, B\U and 
B'\U' are complete shells. 

3) We prove the proposition by decreasing c. Provided c does not cross 
critical values of p\ M , the domains Q^ >c do grow regularly and continu- 
ously, even when c crosses critical values of p, according to what has been 
said just above. At a critical value c of p\ M , for a domain Q^c whose clo- 
sure contains the corresponding unique critical point p 6 M, similarly as 
in |fT9l , three cases may occur: 

(i) the domain <5^ >?+(5 grows regularly and continuously as 5 decreases 
in a neighborhood of 0; 
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(ii) precisely when 5 becomes negative, the domain C}^ >?+5 is merged 
with a second domain Q'L^g whose closure also contains p for 5 = 
(the case of three domains or more never occurs); 

(iii) the domain Q'^+g is contained in a bigger domain Q"^ +5 for all 
small 5 > 0, and exactly at 5 = 0, the closure of the domain Q'^ is 
subtracted from Q^ >? , yielding a new domain Q"'^ which starts to 
grow regularly and continuously as Q'^+g for small 5 < 0. 

We then check by decreasing induction on c that such domains are rela- 
tively compact and are either disjoint or one is contained in the other, and we 
achieve extension by means of (n — 1) -concave Levi-Hartogs figures simi- 
larly as in lfl9l . But here, a single fact remains to be established, namely that 
the domains Q^ >c remain all contained inside the relatively compact region 
{P < C}. 

This is true at the beginning of the filling process, namely for c slightly 
smaller than max m (a0> because M^ >c is then diffeomorphic to a small 
spherical cap (hence connected) and the relatively compact domain enclosed 
by M M>C in X^ >c \ M At>c is just the piece D^ >c of D, which is diffeomorphic 
to a thin cut out piece of ball close to M and clearly contained in {p < C}, 
since D U M C {p < C} by (a). 

To prove that all Q'^ >c are contained in {p < C}, we proceed by con- 
tradiction. Let c* be first c (as c decreases) for which some Q'^ >c is not 
contained in {p < C}. In the process described above of constructing the 
domains Q'^ >c , the only discontinuity occurs in (iii) and it consists of a sup- 
pression. Consequently, the domains Q'^ >c cannot jump discontinuously 
across {p = C}, hence at c = c* (which might be either critical or noncriti- 
cal), all Q'^c* are still contained in {p ^ C} and the boundary of at least one 
domain, say Q* >c *, touches the C°° border hypersurface {p = C} PI X reg . 




Fig. 4: Tangent contact of the boundary of Q* >c » with {p = C} 



On the other hand, by definition and by construction, for each c, the 
boundary of each Q'^ >c consists of two parts: M^ >c , which is contained in 
M, hence remains always in {p < C}, together with a certain closed region 
R'^ =c U N' contained in {/i = c}, with -R^ =c open and N' being the 
boundary in {p = c} of R'^ =c . In fact, similarly as in Section 5 of lfl9l . 
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R'^ =c is always contained in {fi = c}\M and N' , always contained in 
M fl {{i = c] is a C°° real submanifold of X rcg of codimension 2 provided 
c is noncritical for p\ M , while N' may have as a single singular (corner) 
point p for c = p critical. But since N' c is a subset of M fl {// = c}, it is 
always contained in {p < C}. 

Consequently, the boundary of Q* >c * can touch {p = C} only at some 
point p* E i?u =c *. So we have p(p*) = c* and p(p*) = C, namely p* lies in 
{/i = c*} and on the C°° hypersurface {p = C}. 

By (f) above, p* E {p = C} cannot be a critical point of p,, whence 
{/j, = c*} and {p = C} are both C°° real hypersurfaces passing through p*. 
Furthermore, {p, ^ c*} is still contained in {p ^ C}, by definition of c*, 
whence T p .{p = C] = T p *{p = c*}. 

Thanks to (d), there is a complex line 

e p . cT;,{ P = c7} = T;,{ yU = c *} 

on which the Levi-forms of both p and p, are positive definite. On the other 
hand, since {—p, < — c*} is contained in {p < C}, the Levi-form of —p 
in the direction of E p * should then be ^ the Levi-form of p in the same 
direction. This is a contradiction, and the proof that all (X >c remain in 
{p < C} is completed. This finishes our proof of Proposition 4.1. □ 

4.2. End of proof of Proposition 2.3. As in Section 2 of ||T9ll , one checks 
that extension holds from rcg to f2 reg provided holomorphic or mero- 

morphic functions defined in the thin tubular neighborhood V(M) of M C 
X rcg do extend uniquely to D Teg [J V(M). So we work with M, V(M) and 
D TCg , and since everything is exhausted as c — > — oo, the conclusion of the 
proof of Proposition 2.3 is an immediate consequence of the following. 

Proposition 4.3. For every regular value c > — oo of fj,\ M , holomorphic 
or meromorphic functions defined in V(M) do extend holomorphically or 
meromorphically and uniquely to 



ZV C |JV(M M>C ) 



/1>C 



Proof. We set c\ := max M (/i) = max^j(/i) < C. There is a unique 11 p- 
farthest point" p 1 E M with p.{p\) = C\ and this point is obviously a critical 
point of Morse index equal to — (2n — 1) for p\ M , by virtue of (g). Conse- 
quently, for all c < c\ close to c±, there is a single connected component in 
M M>C , namely M M>C itself, which is diffeomorphic to a small spherical cap 
and encloses the domain D^ >c , diffeomorphic to a thin cut out piece of ball. 
For such c < Ci close to c\, the proposition is thus a direct consequence of 
the previous Proposition 4.1. 

For arbitrary noncritical c, there is a well defined connected component 
M^ >c of M A1>C with pi E M^ >c , and we denote by M^ >c , . . . , M^ >c the other 
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connected components of M M>C . Also, each connected component D~ >c of 

D^ >c is bounded by some of the M^ >c , inside {p > c}. The problem is that 
the various extensions provided by Proposition 4. 1 need not stick together, 
but fortunately, we can go to deeper super-level sets {p > d}. 

Lemma 4.4. For every d with — oo<d^c which is noncritical for p\ M , 
the ji-farthest point p\ belongs to a unique connected component M' >d of 
Mf}{p > c'} and the enclosed domain Q'^ >c , constructed by Proposition 4.1 
contains D in a neighborhood of p\. 

Proof. Indeed, if this were not true, there would exist the first c' = c* (as 
d ^ c decreases) for which Q'^ >c , switches to the other side of M near p x . 
According to the topological combinatorial processus (i), (ii), (iii) above, 
this could only occur in case (iii) with c* critical, where a component is 
suppressed from a bigger one Q'^ >c * bounded by some M'' >c *, the sup- 
pressed component necessarily being Q'^ >c * itself. Then the bigger com- 
ponent Q" >c * would contain the side of M which is exterior to D near p 1 , 
whence 

d[ := max {p{q) : q G M^ >c * } 
would necessarily be > c\, which contradicts c\ = max A / (p). □ 




Next, since M is connected (according to Lemma 3.2), we can pick 
a C°° Jordan arc 7 running in M which starts at p 1 and visits every other 
connected component M^ >c , . . . , M^ >c of M M>C . Since 7 is compact, there 
is a noncritical d > —00 such that 7 C {p, > d}. Fix such a d and denote 
by M' ll>d the connected component of M fl {p > d} to which p 1 belongs. 
Then let C}^ >c / be as in Lemma 4.4. 

Lemma 4.5. The domain Q' ii>c! contains -D^> c . 

Proof. Near pi, this domain already contains a piece of D thanks to 
Lemma 4.4. From the beginning, M is oriented, since it bounds the do- 
main D. Thus, we can push 7 slightly inside D, getting a curve 7" almost 
parallel to 7 which is entirely contained in D, and also contained in {p > d} 
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if the push is sufficiently small. Furthermore, 7* is also entirely contained in 
Q' >c i, because the extensional domain Q'^, is, at least near pi, located on 
the same side (with respect to M) as D. 

Let -D~ >c be any connected component of D^ >c . By construction, 7* 
visits -D~ >c . Thus, every point of D~ >c may be joined to some point of 7" 
by means of some auxiliary C°° curve running in D~ >c . All such auxiliary 
curves do not meet M, hence they do not meet M'^ >c ,, whence they all run 
in Q' >d ■ Consequently, by means of 7" and of the auxiliary curves in each 
D~ >c , we may connect, without crossing M even once, every point of -D M>C 
with the starting point of 7", contained in Q'^ >c , near p x . Thus D^ >c is 
effectively contained in Q^ >c /. □ 

To conclude, an application of Proposition 4. 1 yields unique extension 
to Q'^ >c , U V(M^ >c ,)^ >c ,, and by plain restriction, we get unique extension 

to J D M>c UV(M M>c )^ c . C 

This completes the proofs of Propositions 4.3 and 2.3. □ 

§5. MEROMORPHIC EXTENSION ON NONNORMAL COMPLEX SPACES 

5.1. An example. To see that the weaker assumption that Q\K is connected 
does not suffice, we consider X = C 2 /((-l,0) ~ (+1,0)), the euclidean 
C 2 with two points identified. If we define the structure sheaf by C 2 Z at 
all single points and by (D C 2,± = {(/,#) e Opt,-i X 0&,i : /(-1,0) = 
g(±l,0)} at the double point (±1,0), the space (X,Ox) is reduced and 
modelled near (±1,0) on {(z,w) E C 2 x C 2 : z = w}. This makes it 
easy to check that the function \zi + 1| 2 ± \zi — 1| 2 ± | ^2 1 2 descends to a 
1 -convex exhaustion of X via the quotient projection n : C 2 — ► X. Letting 
Cl := X and K := 7r({|2; 1 + l| 2 ±|z2| 2 = 1}), we see that Q\K is connected. 
Furthermore, O(0\K) consists of all functions holomorphic in C 2 \{|zi ± 
1| 2 + \z 2 \ 2 = 1} which satisfy /(-1,0) = /(±1,0). Then obviously, the 
conclusion of Theorem 2.4 does not hold. 

5.2. Proof of Theorem 2.4. To begin with, we observe that Proposition 
2.3 carries over without change to the more general setting of Theorem 
2.4: indeed, thanks to the connectedness of [il\K] reg , we may construct 
M and D as in Lemma 3.2; the construction of an almost psh function v 
with X sing = {v = —00} holds without assumption of normality (01), and 
then Propositions 4.1 and 4.3 do go through (notice that both Q\K and f2 rcg 
are connected). Thus Aix(Q\K) extends uniquely as M. x (^re g U [^\-^] ) > 
holomorphicity being preserved. 

Extension across VL sirig fl K is slightly more complicated than in the nor- 
mal case due to the fact that f2 sing may have components of codimension one. 
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Let 7r : X — > X be the normalization of X. Let X noTm be the set of the nor- 
mal points of X. Recall that n restricts to a biholomorphism on tx" 1 (X norm ) . 
Topologically, n is a local homeomorphism over irreducible points of X 
and separates the irreducible local components at reducible points. For ev- 
ery open U C X, setting U = 7r _1 (£7), we have a canonical isomorphism 
7r* : M X (U) — > M X (U) ([[8]|, p. 155). Hence it is enough to extend from 

M X (Q\L) toM x {Q), where Q := 7T _1 (fi) and L : = 7r _1 (fi sing fl K). 

By the Levi extension theorem, we can extend through all points of 
z E L with dim 2 vr _1 (f2 sing ) ^ n — 2. Let H be an irreducible compo- 
nent of n s ing of codimension one. Since dimf2 sing ^ n — 2, it follows 
that H' := n~ l (H) fl f2 rcg is dense, open and connected in H = 7r~ 1 (if). 
Because X is (n — 1) -convex, it cannot contain any compact analytic hy- 
persurface according to Lemma 5.3 just below, and H has to intersect Q\K . 
For dimensional reasons, H' intersects [7r _1 (fi\i i f)l , and we can apply 
the following version of the Levi extension theorem for complex manifolds 
(H): Let Ybe an analytic subset of a complex manifold of M of codimension 
at least one. IfU C M is a domain containing M\Y and intersecting each 
irreducible one-codimensional component of Y, then holo- / meromorphic 
functions on U extend holo- / meromorphically to M. 

The remaining part of the singularity lies in f2 sing and can be removed 
by the Levi extension theorem. If the original function on Cl\K is holo- 
morphic, the extension on £1 is so too, and its push-forward to f2 is weakly 
holomorphic. The proof of Theorem 2.4 is complete. □ 

Lemma 5.3. An (n — l)-convex complex space X of pure dimension n can- 
not contain any analytic hypersurface Y which is compact. 

Proof. Let p be an [n — 1) -convex exhaustion function. Let (Uj) . &J be a 
locally finite covering of X by open subsets which can be embedded onto 
analytic subsets Aj of euclidean domains Bj C C Nj such that the push- 
forward of p extends as an (n — 1) -convex function pj E C°°(Bj). By an 
inductive deformation of p, we may arrange that all pj can be chosen to be 
Morse functions without critical points on Aj . 

If there is a compact analytic hypersurface Y C X, then p\ Y attains a 
global maximum at some point z E Y. We can assume that z lies in some 
ball Bj, we denote by Ej c Aj C Bj c C Nj the local representative of 
Y and we drop the index j, because the rest of the argument is local. By 
construction {z : p(z) = p(z )} is a smooth (n — l)-convex real hypersur- 
face such that E C {p ^ p(z )}. Bending this hypersurface a little, we can 
arrange that E is in fact contained in {p < p(z )} U {^o} near z . By (n— 1)- 
convexity of p, there is a piece A of a small (N — n + 1) -dimensional com- 
plex plane passing through z and contained in the complex tangent plane 
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T z c Q {p = p(z )} on which the Levi-form iddp is positive. Thus A is con- 
tained in {p > p(z )} U {z } and has a contact of order exactly two with 
{p = p(z )} at z . Furthermore, if we pick a nonzero vector v E T Z0 C N 
which points into {p > p(z )}, the translates A e := A + ev do all lie in 
{p > p(z )} for every small e > 0, whence A e fl E is empty. But given that 
A fl Y = {z } 7^ 0, this contradicts the persistence, under perturbation, of 
the intersection of two complex analytic sets of complementary dimensions 
in C N . The lemma is proved. □ 
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